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Inspired by the possibility to experimentally manipulate and enhance chemical reactivity in helium nanodroplets, we
investigate the effective interaction and the resulting correlations between two diatomic molecules immersed in a bath of
bosons. By analogy with the bipolaron, we introduce the biangulon quasiparticle describing two rotating molecules
that align with respect to each other due to the effective attractive interaction mediated by the excitations of the bath.
We study this system in different parameter regimes and apply several theoretical approaches to describe its properties.
Using a Born-Oppenheimer approximation, we investigate the dependence of the effective intermolecular interaction
on the rotational state of the two molecules. In the strong-coupling regime, a product-state ansatz shows that the
molecules tend to have a strong alignment in the ground state. To investigate the system in the weak-coupling regime,
we apply a one-phonon excitation variational ansatz, which allows us to access the energy spectrum. In comparison to
the angulon quasiparticle, the biangulon shows shifted angulon instabilities and an additional spectral instability, where
resonant angular momentum transfer between the molecules and the bath takes place. These features are proposed as
an experimentally observable signature for the formation of the biangulon quasiparticle. Finally, by using products of
single angulon and bare impurity wave functions as basis states, we introduce a diagonalization scheme that allows us
to describe the transition from two separated angulons to a biangulon as a function of the distance between the two
molecules.
I. INTRODUCTION
The emergence of effective, bath-mediated interactions be-
tween quantum particles is an important phenomenon with
many examples from different subfields of physics. One of
the most prominent is the effective phonon-mediated interac-
tion between two polarons1, that is, between two electrons
in a crystal that are dressed by a cloud of lattice excitations.
This effective attractive interaction can overcompensate the
Coulombic repulsion between the electrons and results in the
formation of the bipolaron quasiparticle2,3 – a bound state that
has been proposed as one of the mechanisms behind high-
temperature anomalous superconductivity4. In case of suffi-
ciently strong electron-phonon interactions, also more complex
polaronic structures such as electronic Wigner crystals5–7, po-
laron molecules and clusters8–10 can form. Moreover, the
electron-phonon coupling has been used to explain the ther-
modynamic and optical properties of quantum dot devices11,12.
Finally, attractive electron interactions mediated by phonons
are found to be able to overcome the direct Coulomb repulsion
in deformable molecular quantum dots, paving the way for the
realisation of polaronic memory resistors13,14.
In the context of ultracold atoms various theoretical meth-
ods have been developed to study bath-mediated correla-
tions in Bose-Einstein condensates in the case of attrac-
tive/repulsive couplings15,16 and for weakly17/strongly inter-
acting systems18–21. Effective quasiparticle-quasiparticle in-
teractions have been investigated using variational methods2,3,
Dyson’s equation22 and a scattering matrix approach23,24 to
name only a few. Besides electron-phonon coupling, other
kinds of indirect interactions play a key role in quantum
systems, such as e.g. the Ruderman-Kittel-Kasuya-Yosida
interaction25,26, giving rise to complex magnetic phases such
as spin glasses27.
In this paper we analyse the effective interaction between
two diatomic molecules mediated by a bosonic bath. Unlike
electrons or ground-state atoms, the low-energy degrees of
freedom for molecules involve rotations, leading to an ex-
change of angular momentum between the molecule and the
bath. Recently, it has been shown that individual molecules
interacting with a bosonic bath form angulon quasiparticles –
rigid rotors dressed by a cloud of excitations carrying angular
momentum28–31. The results of this theory are in good agree-
ment with a wide range of experimental data including static
and dynamic molecular properties32–36. In addition to this, it
was shown that due to the non-Abelian SO(3) algebra and the
discrete energy spectrum inherent to rotations, novel phenom-
ena such as effective magnetic monopoles37 and anomalous
electrostatic screening38 can emerge. During recent years,
molecular complexes in He nanodroplets have been created
(see e.g. Refs. 39–42), and techniques to control molecular
alignment in helium have been developed33,35,36. These and
other experimental advances pave the way to control and en-
hance chemical reactivity inside superfluids at the microscopic
level.
This motivates us to investigate the effective phonon-
mediated interactions between two molecules immersed in
a bosonic bath. To investigate the system in various parameter
ar
X
iv
:1
91
2.
02
65
8v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
5 D
ec
 20
19
2O d/2-d/2
r2r1
R
X
Y
Z
x
y
z
1
1
1
O' O''
FIG. 1. Schematic illustration of two rotating molecular impurities
interacting with a bosonic atom. The origin of the laboratory frame,
{X ,Y,Z}, is chosen in the middle between the two molecules on the
Z-axis. Anisotropic molecule-boson interactions are defined in the
molecular coordinate frames labeled by {xi,yi,zi} (i= 1,2).
regimes, we apply different theoretical approaches based on
angulon theory and several approximations, such as a product-
state ansatz, a one-phonon-excitation variational approach and
a diagonalization scheme based on single angulon basis states.
All approaches we use in this paper suggest the appearance
of a correlated state that we call the biangulon. It consists of
two diatomic molecules that align with respect to each other
due to the effective phonon-mediated interaction. We charac-
terize this effective interaction within the Born-Oppenheimer
approximation and show that it depends on both the angular mo-
mentum quantum number L and the magnetic quantum number
M of each of the two molecules and that if favours states whose
phonon clouds overlap strongly with the molecules. Within the
Pekar approximation43, we show that two diatomic molecules
show a strong alignment in the strong-coupling regime. Sub-
sequently, employing a one-phonon ansatz, we find that the
biangulon shows two spectral instabilities in the weak-coupling
regime as well as a shift of the angulon instabilities. These fea-
tures are proposed as experimental signature for the formation
of a biangulon. Finally, a diagonalization scheme based on
single angulon and bare rotor basis functions is used, to investi-
gate a system, where the coupling between the bath and one of
the two impurities is weaker than the one of the other. In this
situation we study the transition from separated angulons to a
biangulon by calculating the wavefunction and the rotational
correlations between the two molecules.
II. THE MODEL
We consider two rigid linear molecules (i = 1,2), whose
position is fixed in space at (0,0,±d/2) in the laboratory frame
with coordinates {X ,Y,Z}, see Fig. 1. The rotational kinetic
energy of the i-th molecule is given by30
Hˆ(i)mol = BiJˆ
2
i , (1)
where we denote the rotational constant and the angular mo-
mentum operator of the i-th molecule by Bi and Jˆi, respectively.
Here and in the rest of this paper, we assume that the two
molecules have the same rotational constant B= B1 = B2.
The molecules are immersed in a bath of phonons, whose
kinetic energy is given by
Hˆbos =∑
k
ω(k)bˆ†kbˆk. (2)
By ω(k) with k = |k| we denote the phonon dispersion rela-
tion, which will be specified later, and bˆ†k, bˆk with [bˆk, bˆ
†
q] =
(2pi)3δ (k−q) are the usual bosonic creation and annihilation
operators of an excitation with momentum k, respectively.
We assume the coupling between the impurities and the
phonons to be linear in the phonon field. In the molecular
coordinate frame with coordinates {xi,yi,zi}, see Fig. 1, their
interaction is therefore given by
Hˆ(i)int =∑
k
V (k, θˆi, φˆi)bˆ†k+H.c., (3)
with the effective interaction potential V (k, θˆi, φˆi). A de-
tailed microscopic derivation of an effective interaction of
the form (3) for the case of an impurity immersed in a Bose-
Einstein condensate is presented in Refs. 28 and 30. The inter-
action (3) also serves as a reliable phenomenological model for
molecules immersed in helium nanodroplets32–36. In this paper
we focus on intermolecular forces mediated by phonons, and
therefore neglect direct molecule-molecule interactions, such
as electrostatic, induction, and dispersion potentials44, which
can, however, be added to the theory in a straightforward man-
ner.
As schematically depicted in Fig. 1, the two molecules are
placed along the Z axis at the points (0,0,±d/2), so that
the Hamiltonian of the full system in the laboratory frame,
{X ,Y,Z}, is given by
Hˆ = BJˆ21+BJˆ
2
2+∑
k
ω(k)bˆ†kbˆk (4)
+∑
k
[
V (k, θˆ1, φˆ1)e−i
k·d
2 +V (k, θˆ2, φˆ2)ei
k·d
2
]
bˆ†k+H.c..
To obtain this representation, we applied the translation oper-
ator Tˆ (r) = exp(−ir ·∑kkbˆ†kbˆk) to the interaction term in Eq.
(3), see also Ref. 45.
III. ANGULONS AND BIANGULONS
If the distance between the two molecules is sufficiently
large, each single impurity can be described by a (appropriately
translated) Hamiltonian of the form
Hˆ(i) = BJˆ2i +∑
k
ω(k)bˆ†kbˆk+∑
k
V (k, θˆi, φˆi)bˆ†k+H.c. (5)
describing one rotating impurity immersed in the bosonic bath.
It has been shown that the above Hamiltonian allows for a
description of the rotating impurity in terms of the angulon
quasiparticle in many different experimental settings, ranging
from ultracold gases46 to helium nanodroplets32. The concept
of the biangulon quasiparticle we propose in this paper is based
on the analysis of the Hamiltonian (4). If the two molecules
3come close enough together they will be subject (as we will
see below) to an effective attractive interaction mediated by the
bosonic bath. As a consequence, a correlated state, where both
rotors are dressed by the bath and at the same time strongly
interact with each other, is formed. This correlated state is
characterized by the fact that the two rotating molecules align
with respect to each other such that the phonon cloud of each
molecule overlaps with the other molecule. This behavior is
very different from that of two uncorrelated (or weakly corre-
lated) angulons and can be found in the regimes of moderate
and strong coupling.
The system of the two impurities placed at (0,0,±d/2) is
rotationally symmetric around the z axis, and hence the biangu-
lon quasiparticle can be characterized by the magnetic quantum
number M of the entire system. This should be compared to
the angulon, where one has a full rotational symmetry and the
total angular momentum L is also a good quantum number.
In the case of two polarons a bipolaron can form if the
effective interaction between the two impurities allows for a
bound state47. Since our molecules have a frozen center-of-
mass motion, this definition is clearly not appropriate, and we
therefore opt for the definition above. In practice we expect the
two definitions to coincide if the effective attractive interaction
between the molecules allows for a bound state.
In the following Sections we will quantitatively study the
above two-impurity system and its properties with various
theoretical approaches and in different parameter regimes.
IV. PRODUCT-STATE ANSATZ
A. Phonon-mediated intermolecular forces
When the characteristic timescale of the phonons is much
shorter than that of molecular rotations, one can assume that
the phonons adjust instantaneously to changes of the molecular
orientation in space and a Born-Oppenheimer approximation
is valid. This corresponds to a product state ansatz
|ψb〉= |mol〉Uˆ |0〉. (6)
Analogous to the Pekar ansatz for polarons1,43 the unitary Uˆ
in the above equation is chosen as
Uˆ = exp
[
−∑
k
( 〈 fˆ 〉
ω(k)
bˆ†k−
〈 fˆ 〉∗
ω(k)
bˆk
)]
, (7)
where
〈 fˆ 〉= 〈mol|V (k, θˆ1, φˆ1)e−i k·d2 +V (k, θˆ2, φˆ2)ei k·d2 |mol〉. (8)
We stress that the description of the bath in terms of the coher-
ent state Uˆ |0〉 in Eq. (6) takes an arbitrary number of phonon
excitations into account.
Since we are interested in angular momentum exchange
between the molecules and the environment, it is convenient to
expand the bosonic field operators in the angular momentum
basis as
bˆ†k =
(2pi)3/2
k ∑λµ
bˆ†kλµ i
λY ∗λµ(θk,φk) (9)
see e.g. 30. Here bˆ†kλµ creates a phonon with radial momentum
k, angular momentum λ and projection onto the z-axis µ . By
Yλµ(θk,φk) we denote the spherical harmonics. Additionally,
θk, φk are the angles determined by k in spherical coordinates
and k denotes its absolute value. The inverse relation reads
bˆ†kλµ =
k
(2pi)3/2
∫
dφkdθk sin(θk)bˆ†ki
−λYλµ(θk,φk). (10)
We also write the interaction potential as
V (k, θˆi, φˆi) =∑
λµ
(2pi)3/2i−λ
Uλ (k)
k
Yλµ(θk,φk)Y ∗λµ(θˆi, φˆi),
(11)
where the potential has been expanded in partial wave compo-
nents Uλ (k)30.
For specific molecular rotational states |mol〉 =
|L1M1L2M2〉, where Li and Mi denote the angular mo-
mentum quantum number and the magnetic quantum number
of the i-th molecule, the energies EBA = 〈ψb|Hˆ|ψb〉 of the
Hamiltonian (4) can be readily calculated. Applying the same
approach to a single molecular impurity in a state state |LiMi〉,
one obtains the energy E(i)A of one angulon quasiparticle. In
order to measure the strength of the interaction between two
angulons we define the effective angulon-angulon interaction
as
∆E = EBA−E(1)A −E(2)A . (12)
A similar definition for two polarons can be found in Refs. 2
and 3.
Here and in what follows we choose parameters that are
well suited to describe two molecular impurities immersed
in a bath of superfluid 4He. More precisely, we choose the
phonon dispersion relation as ω(k) =
√
ε(k)(ε(k)+2gbbn),
where ε(k) = k2/2m, gbb = 4pia/m with the scattering length
a and the mass m of the Helium atoms. The function ω(k) is
an approximation to the dispersion relation of sound waves in
liquid helium that is valid at low momenta. By n we denote
the density of the Helium atoms. To describe a typical atom-
molecule interaction, we choose
Uλ (k) = uλ
(
8nk2ε(k)
[ω(k)(2λ +1)]
)1/2 ∫
drr2 fλ (r) jλ (kr) (13)
with Gaussian form factors fλ (r) = (2pi)−3/2e−r
2/(2r2λ ). Here
jλ (kr) denotes the spherical Bessel function. The coupling
strengths and the potential radii are chosen as u0 = u2 = 218B,
uλ = 0 if λ 6= 0,2 and r0 = r2 = 1.5(mB)−1/2, respectively28,48.
We also choose a= 3.3(mB)−1/2, which reproduces the speed
of sound in superfluid Helium for a molecule whose rotational
constant is B= 2pi×1 GHz28,49.
In Fig. 2 we show the dimensionless effective interaction
∆E˜ = ∆E/B as a function of (a) the dimensionless molecule-
molecule distance d˜ = d(mB)−1/2 and (b) the dimensionless
bath density n˜= n(mB)−3/2. The squared absolute value of the
wave functions related to the different molecular states (with
colors as introduced in the legend) are schematically shown in
40 2 4 6 8 1 0
- 8
- 6
- 4
- 2
0
- 1 5 - 1 0 - 5 0 5- 8
- 6
- 4
- 2
0
( c )
( b )
 | 0 0 0 0  | 1 0 0 0  | 1 1 0 0  | 1 0 1 0 
∆E
d
( a )
∆E
L n ( n )
 | 0 0 0 0  | 1 0 0 0  | 1 1 0 0  | 1 0 1 0 
FIG. 2. Dimensionless angulon-angulon interaction ∆E˜ = ∆E/B,
Eq. (12), calculated using the product state ansatz, Eq. (6), as a
function of (a) the dimensionless molecule-molecule distance d˜ =
d(mB)−1/2 and (b) the dimensionless bath density n˜ = n(mB)−3/2.
We have chosen n˜ = 1 for the bath density in (a) and d˜ = 1 for the
distance between the molecules in (b). The black solid line, blue
dashed line, magenta dots, and red dashed dots have been computed
with the molecular states |L1M1L2M2〉= |0000〉, |1000〉, |1100〉 and
|1010〉, respectively. The squared absolute value of the wave functions
related to the different molecular states (with colors as introduced in
the legend) are schematically shown in (c). For more information see
the text.
(c). In subgraph (a) the density is n˜= 1 and in (b) the molecule-
molecule distance is fixed as d˜ = 1. When the two molecules
are placed far away from each other or when the surrounding
bath is sufficiently dilute, the effective interaction is small and
the system resembles two separate angulons.
Outside this parameter regime we observe an attractive in-
teraction between the two rotors (∆E˜ < 0), which results from
the linear coupling in the Hamiltonian (4). It is sensitive to the
rotational state of the two molecules and takes its largest val-
ues when the overlap of the phonon density of each of the two
molecules with the other molecule is maximal. Accordingly,
it depends also on the magnetic quantum numbers M1 and M2.
For example, the effective interaction between molecules in
the state |L1M1L2M2〉= |1000〉 (blue dashed line in Fig. 2) is
stronger than the one between molecules in the state |1100〉
(magenta dots). The interaction energy of the latter state is even
weaker than the one of the state |0000〉 (black solid line) and
the state |1010〉 shows the largest interaction energy among
the ones that have been considered. See also Fig. 2(c) for the
shapes of the orbitals related to these molecular states. The
anisotropy of the molecular wave function of one molecule is
responsible for a similar anisotropy of its phonon cloud. The
interaction energy is large if this anisotropy causes a strong
overlap of the molecules phonon cloud with the other molecule.
In general, the states with M1 =M2 = 0 show the largest effec-
tive interaction. Such an effective interaction clearly favors a
biangulon-like behavior if the impurities are sufficiently close.
The saturation of the effective interaction for large densities
n˜ in Fig. 2 (b) is a consequence of the fact that the phonon
dispersion relation ω(k) and |〈 fˆ 〉|2 are both proportional to√n˜
in this regime, see Eqs. (11), (13) and Eq. (15) in Section IV B
below. The states |1,1,1,1〉 and |1,1,1,−1〉 have the same
interaction energy. That is, the effective interaction is not sen-
sitive to whether the two molecules rotate in the same or in
opposite directions. Since both molecules have the same rota-
tional constant B, one obtains the same result if their quantum
numbers are exchanged.
B. Relative molecular orientation in the ground state
In this Section we study the ground state of two molecules
immersed in the bath of phonons within the Pekar approx-
imation. Accordingly, we minimize the expectation of the
Hamiltonian (4) over the molecular part of the wave function
in (6), similar to Ref. 43. This approximation is expected to
be valid in the strong-coupling regime50,51.
More precisely, we expand the molecular wave function in
angular momentum eigenfunctions as
|mol〉= ∑
L1,M1,L2,M2
sL1,M1,L2,M2 |L1M1〉|L2M2〉. (14)
In the following, we abbreviate c= (L1,M1,L2,M2). When we
insert (14) into (6) and compute with this wave function the
expectation value of Hˆ, Eq. (4), we obtain the Pekar functional
EBA(s) =∑
c
(
B[L1(L1+1)+L2(L2+1)]|sc|2−∑
k
|〈 fˆ 〉|2
ω(k)
)
,
(15)
as well as the biangulon energy
EBA = min
∑c |sc|2=1
EBA(s). (16)
Similarly, we find the energy EA of one impurity within the
Pekar approximation and we have
∆E = EBA−2EA. (17)
To minimize EBA(s) numerically, we introduce the cut-off
L1,L2, |M1|, |M2| ≤ 4 for the values of the angular momentum
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FIG. 3. (a) Dimensionless effective interaction ∆E˜ = ∆EBA/B,
Eq. (17), and (b) the alignment cosine 〈cos2 θ1〉, Eq. (18), of one
of the molecules computed within the Pekar approximation as a func-
tion of the dimensionless molecule-molecule distance d˜ = d(mB)−1/2
for different dimensionless bath densities n˜= n(mB)−3/2. In (c) we
show schematic figures of the wave functions of the two molecules
for the parameters n˜= 1 and d˜ = 0.3 (left picture), d˜ = 3 (picture in
the middle) and d˜ = 8 (right picture). For more details see the text.
quantum number. The minimization is then carried out with a
stochastic simulated annealing procedure based on moves that
can reach any allowed value of the variational coefficients52.
More details on the procedure can be found in Appendix A.
For a better understanding of the resulting state we also
consider the alignment cosine
〈cos2 θ1〉=∑
c,c′
s˜∗c′ s˜c〈L′1M′1|cos2 θ1|L1M1〉δL′2,L2δM′2M2 , (18)
where s˜ denotes the minimizer of EBA. The expectation value
on the left-hand side is taken with respect to the state |ψb〉
in Eq. (6), where the molecular wave function is replaced by
the wave function in Eq. (14) with coefficients given by s˜.
From our computations we see that the minimizer of EBA is a
product state that is symmetric in the two impurities (for the
case B = B1 = B2). This implies 〈cos2 θ1〉 = 〈cos2 θ2〉, and
hence we can use Eq. (18) to measure the anisotropy of the
molecular orientation of both molecules.
In Fig. 3 we show (a) the dimensionless effective interac-
tion ∆E˜ = ∆E/B and (b) the alignment cosine 〈cos2 θ1〉 as a
function of the dimensionless molecule-molecule distance d˜ =
d(mB)−1/2. The dimensionless bath density n˜= n(mB)−3/2 is
chosen as ln(n˜) = 0 (black solid line), ln(n˜) =−4 (red dashed
line), and ln(n˜) =−6 (blue dot line). In (c) we show schematic
figures of the wave functions of the two molecules for the
parameters n˜= 1 and d˜ = 0.3 (left picture), d˜ = 3 (picture in
the middle) and d˜ = 8 (right picture). As one would expect,
the effective interaction is an increasing function of the bath
density and a decreasing function of the distance between the
impurities.
For large distances the ground state is given by the impurity
wave function |L1M1L2M2〉 = |0000〉 and the two molecules
form two isolated angulon quasiparticles with no preferential
orientation. In this case the alignment cosine equals 1/3, see
Fig. 3(b). If they come closer together, contributions with
nonzero angular momentum and Mi = 0 for i = 1,2 become
relevant, compare with (c). This is in accordance with the
analysis in Section IV A, see Fig. 2, where we found that such
states maximize the overlap of the phonon cloud of each of the
two impurities with the other impurity, and therewith also their
attractive interaction. This behavior is also captured by the
alignment cosine, which takes its largest values around d˜ = 3.
In this region the two impurities form a biangulon quasiparticle,
which is characterized by the fact that their relative orientation
is strongly correlated and that their phonon densities are highly
anisotropic.
If the distance is further decreased the phonon clouds are
already substantially overlapping with the molecules if the
molecular wave function is almost rotationally symmetric and
an anisotropy of the molecular orientation is no longer ben-
eficial. This is indicated by 〈cos2 θ1〉 → 1/3 for small d˜. In
other words, the short distance behavior of the two impurities
is a perturbation of the extreme case d˜ = 0, where the model
has full rotational symmetry. In practice one would need to
introduce a repulsive interaction between the two molecules
in order to describe the relevant physics in the regime of very
small d˜ correctly. This, however, goes beyond the scope of the
present paper.
Finally, let us note that the Gaussian form factors and our
choice of the dispersion relation imply that the effective inter-
action is an exponentially decaying function of the distance d˜.
This can be seen as follows: We have already noted that the
molecular wave function is given by sc = δL1,0δM1,0δL2,0δM2,0
if d˜ is chosen sufficiently large, compare with Fig. 3(b). In this
case we can write the effective interaction as
∆E = (19)
− 1
2pi ∑k
U20 (k)
ω(k)
[
∑
λ
(2λ +1) jλ (kd/2)2(1+(−1)λ )−1
]
.
With ∑λ (2λ + 1) jλ (x)2 = 1 and ∑λ (−1)λ (2λ + 1) jλ (x)2 =
sin2x
2x
53, Eq. (19) simplifies to
∆E =− 1
2pi ∑k
U20 (k)
ω(k)
sin(kd)
kd
. (20)
6Our choice of the form factor in Sec. IV A implies
U0(k) = u0
(
8nk2ε(k)
ω(k)
)1/2 r40e−r20k2/2
25/2pi
. (21)
We insert (21) and ω(k) from Sec. IV A into (20). Integration
by parts and an application of Ref. 54, Theorem IX.13 therein,
then shows the claim.
It should also be noted that for the Fröhlich parame-
ters ω(k) = ω0 and U0(k) = U0 one finds the well-known
behavior51
∆E ∝
1
d˜
. (22)
V. ONE-PHONON-EXCITATION VARIATIONAL ANSATZ
The product-state-ansatz of Section IV describes molecular
impurities dressed by an arbitrary number of phonons in a co-
herent state (cf. Eq. (7)). Minimization over the impurity wave
function yields the Pekar approximation, which is expected to
be valid for strong molecule-bath interactions50,51. When the
molecule-bath interaction is weak, however, we expect only
a small number of phonons to be excited. It is the aim of the
present Section to investigate such a situation in detail.
More precisely, we are going to use a one-phonon-excitation
variational ansatz, that is, we will allow for at most one phonon
in the system. Such an ansatz has been successfully applied
in several different contexts, see Refs. 28, 55, and 56. For a
system of two rotating molecules immersed in a bosonic bath
this variational ansatz reads
|ψ1-ph〉= g|L1M1〉|L2M2〉|0〉+∑
c
βc| j1m1〉| j2m2〉bˆ†k|0〉,
(23)
where c = ( j1,m1, j2,m2,k), and the sum over k is actually
an integral. The variational coefficients g and βc are chosen
such that the magnetic quantum number M =M1+M2 of the
whole system is a good quantum number and such that |g|2+
∑c |βc|2 = 1 holds. The first term in Eq. (23) describes two free
rotors and a bosonic bath in its vacuum state. In the second
term a phonon with momentum k is excited and introduces
correlations between the two molecules and the bath. We
expect the ansatz (23) to be a good approximation in situations
where the helium density n˜ is sufficiently dilute and/or when
the distance between the two impurities is such that we still
have moderate correlations between them. Accordingly, it
describes either a weakly correlated biangulon or two weakly
interacting angulons.
When we compute the expectation value of Hˆ (4) in the state
|ψ1-ph〉 and minimize the functional F(ψ1-ph) = 〈ψ1-ph|Hˆ −
E|ψ1-ph〉 with respect to the variational coefficients, we obtain
the self-consistent equation
EBA = BL1(L1+1)+BL2(L2+1)−ΣBAL1M1L2M2(EBA) (24)
for the energy EBA. Here the self-energy ΣBAL1M1L2M2(EBA) is
given by
ΣBAL1M1L2M2(EBA) =
∑
kλ j1
2λ +1
4pi
U2λ (k)
[
C j10L10,λ0
]2
B j1( j1+1)+BL2(L2+1)+ω(k)−EBA
+ ∑
kλ j2
2λ +1
4pi
U2λ (k)
[
C j20L20,λ0
]2
BL1(L1+1)+B j2( j2+1)+ω(k)−EBA
+ ∑
kλλ ′µ
CL10L10,λ0C
L1M1
L1M1,λµ
CL20L20,λ ′0C
L2M2
L2M2,λ ′µΓλ ,λ ′(k,d)
BL1(L1+1)+BL2(L2+1)+ω(k)−EBA
(25)
and
Γλ ,λ ′(k,d) =
iλ−λ
′
√
(2λ +1)(2λ ′+1)
(4pi)2
Uλ (k)Uλ ′(k)×∫
dφk
∫
dθk sinθk
[
eik·dYλ ,µ(θk,φk)Y ∗λ ′,µ(θk,φk)+ c.c.
]
.
(26)
By Cl1m1l2m2,l3m3 we denote the Clebsch-Gordan coefficients
57.
A. The spectral function and instabilities
As for a single molecule immersed in a bosonic bath30, the
self-consistent equation (24) gives us access to the biangulon
spectral function
AL1L2(E) = Im[G
BA
L1M1L2M2(E+ i0
+)], (27)
where
GBAL1M1L2M2(E) = (28)
1
BL1(L1+1)+BL1(L1+1)−E−ΣBAL1M1L2M2(E)
,
denotes the retarded Green’s function, and therewith to the
energy spectrum of the system.
One of the most striking features of the angulon quasipar-
ticle is the onset of an intermediate instability regime, where
resonant transfer of angular momentum between the molecule
and the bath drastically decreases the quasiparticle weight28.
This phenomenon has been observed experimentally34. In or-
der to make our results comparable to the case of one molecular
impurity, we choose in this Section the same parameters as in
Fig. 2 in Ref. 28. In Fig. 4 we study the biangulon spectral
function (27) as a function of the dimensionless energy E˜BA
and (a) the dimensionless molecule-molecule distance d˜ as
well as (b) the dimensionless bath density n˜. In (a) we have
chosen ln(n˜) = −3, while d˜ = 0.6 in (b). States are labeled
according to the first term in (23). The biangulon instabilities
are highlighted by the red dotted circles. The degeneracy of
7FIG. 4. Spectral function A j1 j2(E˜BA), Eq. (27), of the biangulon as a
function of the dimensionless energy E˜BA and (a) the dimensionless
molecule-molecule distance d˜ as well as (b) the dimensionless bath
density n˜ for different angular momentum states L1 and L2 with
M1 = 0 =M2. The states are labeled according to the first term in
(23) and we use the notation |L1L2〉 = |L1,M1 = 0,L2,M2 = 0〉. In
(a) the bath density is chosen as ln(n˜) = −3 and the distance in (b)
is given by d˜ = 0.6. Biangulon instabilities are highlighted by red
dotted circles. For details see the text.
different M =M1 +M2 states is lifted by the interaction. To
keep the figures accessible, we, however, only consider state
with M1 = 0 =M2 here. This is on the one hand because the
quasiparticle instabilities for states with M1,M2 6= 0 are very
similar to the ones for states with Mi = 0, and on the other
hand because their energies are very close.
In Fig. 4(a) we see that the biangulon instabilities are only
slowly changing with the distance d˜ between the two impuri-
ties and appear in a wide region of distances. In this regime a
description of the system in terms of the biangulon quasiparti-
cle, or for larger distances in terms of two separate angulons,
breaks down. For larger distances this can be explained as
follows: The two impurities are weakly interacting and there-
fore almost independent. If the parameters are such that one
of the two impurities experiences an angulon instability the
quasiparticle picture breaks down and a further increase of the
molecule-molecule distance does not change this situation.
We note that the instability region, as a function of the adi-
mensional density n˜, has approximately the same size as in
the single angulon case, see Fig. 2 in Ref. 28. We observe,
however, that the instability for the biangulon appears at lower
densities. For instance, the instability of a single angulon in the
molecular state |LM〉= |10〉 is located around ln(n˜) =−5, see
Fig. 2 in Ref. 28, while Fig. 4(b) shows that the instability is
shifted to the region around ln(n˜) =−6 when another molecule
in the state |LM〉= |00〉 is put at a distance d˜ = 0.6 from the
first one. Furthermore, two spectral instabilities can be found
in the biangulon spectrum where there is only one in the case
of the angulon: In Fig. 4(b) we see a first instability of the
state |L1L2〉 = |21〉 around ln(n˜) = −6 and a second around
ln(n˜) =−4. These two instabilities correspond to phonons ex-
cited by molecules with different angular momentum quantum
number, in this case L= 1 and L= 2. We can distinguish the
two instabilities because, compared to the situation in Fig. 2 in
Ref. 28, the relevant angulon instabilties are shifted. Both fea-
tures, the shift of the spectral instabilities and the appearance
of a second instability, can be used in experiments as a measure
for correlations between the two impurities, and therewith as a
signature for the formation of the biangulon quasiparticle.
We note that the spectral instability of the state |L1L2〉 =
|10〉 appears at ln(n˜) =−5.2 if d˜ = 10 and not at ln(n˜) =−5,
see Fig. 2 in Ref. 28, as one would expect for two (almost)
non-interacting impurities. This shift is a consequence of our
one-phonon excitation variational ansatz, which forces the
impurities to share one phonon also if they are far apart from
each other. The result is a slightly different dressing of the
two impurities by the phonon compared to the case of a single
angulon (described by a one-phonon variational ansatz) and
explains the above deviation. A careful discussion of this effect
can be found in the following Section.
B. Effective interaction
Let us also consider the effective interaction between the
impurities
∆E = EBA−E(1)A −E(2)A , (29)
where E(i)A denotes the energy of the i-th impurity computed
with a one-phonon-excitation variational ansatz, see Refs. 28
and 30. In Fig. 5 we show ∆E as a function of the dimen-
sionless distance d˜ for the same quantum numbers as in Fig 2,
where the Born-Oppenheimer approximation has been consid-
ered. As one can expect from our discussion there, ∆E depends
on the magnetic quantum numbers of the molecules. The qual-
itative behavior of the effective interaction is the same as in
the case of the Born-Oppenheimer approximation, that is, the
state |1010〉 has the largest effective interaction, followed by
|1000〉 and |0000〉, and the effective interaction is the smallest
in case of |1100〉. As above, we labeled states according to the
first term in Eq. (23). In particular, states with M1 = 0 =M2
have larger effective interaction than states with M1,M2 6= 0.
The intuition behind this has been explained in detail in Sec-
tion IV A. In contrast to the strong coupling case, the effective
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FIG. 5. Effective interaction ∆E˜ obtained with the one-phonon-
excitation variational ansatz (23) for molecular states |L1M1L2M2〉=
|1010〉 (red solid line), |1110〉 (black dot line), and |1111〉 (blue
dashed line) as a function of the dimensionless molecule-molecule
distance d˜. States are labeled according to the first term in Eq. (23).
The bath density is chosen such that ln(n˜) = 0. For more details see
the text.
interaction does not go to zero for large molecule-molecule
distances. As we will see below, this is due to the fact that one
phonon cannot dress two impurities in the same way as one
phonon dresses a single impurity.
To investigate this in some more detail, we have a closer
look at the self-energy ΣBAL1M1L2M2(EBA) in Eq. (25) in the limit
d→ ∞. The first two terms in this equation are the self-energy
contributions of the two molecules, while the third term is
related to the effective interaction between them. Since this
last term vanishes for d → ∞, we only need to consider the
first two terms. To keep things simple, we also assume that the
two molecules are in the same angular momentum state, i.e.,
L1 = L2 = l and M1 =M2 = m. The self-consistent equation
(24) for the energy thus reads
E˜BA(Uλ ) = 2Bl(l+1) (30)
−∑
kλ l′
2λ +1
4pi
2U2λ (k)
[
Cl
′0
l0,λ0
]2
Bl′(l′+1)+Bl(l+1)+ω(k)− E˜BA(Uλ )
,
where E˜BA(Uλ ) = limd→∞EBA(Uλ ). We want to compare
the solution of this equation to the energy of two separate
molecules, that is, to twice the energy of one molecule dressed
by one phonon. Such a system has been considered in Ref. 28
and the self-consistent equation for the energy is given by
EA(Uλ ) =Bl(l+1) (31)
−∑
kλ l′
2λ +1
4pi
U2λ (k)[C
l′0
l0,λ0]
2
Bl′(l′+1)+ω(k)−EA(Uλ )
in this case. One easily checks that a solution of (30) can be
written in terms of a solution of (31) as
E˜BA(Uλ ) = Bl(l+1)+EA(
√
2Uλ ). (32)
Here EA(
√
2Uλ ) is the energy of one single molecule but with
interaction potential
√
2Uλ instead ofUλ in the relevant Hamil-
tonian. One also checks that the right-hand side of Eq. (32) is
strictly larger than 2EA(Uλ ). These results can be explained
with the following simple physical picture: The phonon in the
system is located with probability 1/2 close to one molecule
and with probability 1/2 close to the other molecule. This
results in an effective potential, which is, compared to the case
of one molecule and one phonon, reduced by a factor of 1/
√
2
coming from the phonon wave function. The fact that we have
a linear coupling and that there are two such interaction terms,
one for each molecule, explains the factor of
√
2 = 2/
√
2 in
front of the interaction potential.
The above physical picture is also present in the wave func-
tion of the system. If we substitute the relation between the
variational coefficients
−β j1m1 j2m2k/g=
e−i
1
2k·d〈 j1m1|Vˆ |L1M1〉δ j2L2δm2M2
B j1( j1+1)+B j2( j2+1)+ω(k)−EBA
+
ei
1
2k·d〈 j2m2|Vˆ |L2M2〉δ j1L1δm1M1
B j1( j1+1)+B j2( j2+1)+ω(k)−EBA , (33)
which follows from the first variation of the energy, into the
ansatz Eq. (23), we find
|ψc〉= 1√
2
[
|L1M1〉⊗ |ψAL2M2(−d)〉
+ |ψAL1M1(d)〉⊗ |L2M2〉
]
. (34)
Here |ψALM〉 denotes the wave function of one single angulon
and reads
|ψALM(d)〉=
g√
2
|LM〉|0〉+ g√
2∑j1k
fL1, j1,L2(k,d)| j1m1〉bˆ†k|0〉,
(35)
with
fl1,l2,l3(k,d) =
2ei
1
2k·d〈l2|Vˆ |l1〉
Bl3(l3+1)+Bl2(l2+1)+ω(k)−EBA .
(36)
The wave function of the two impurities in Eq. (34) is given
by an equal weight superposition of a tensor product of one
dressed and one bare molecule, that is, the phonon is with
probability 1/2 located close to the first molecule and with
probability 1/2 close to the second.
From this simple example we learn that one phonon cannot
dress each of the two molecules in the same way as one phonon
would dress one single molecule. Accordingly, the effective
interaction ∆E (29) does not go to zero as d→ ∞, see Fig. 5.
We checked that this is still true if we consider a trial state with
two phonons of the form
|ψ〉=g|L1M1〉|L2M2〉|0〉+∑β | j1m1〉| j2m2〉bˆ†k|0〉 (37)
+∑γ| j′1m′1〉| j′2m′2〉bˆ†k1 bˆ†k2 |0〉,
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FIG. 6. Angle-averaged phonon density ρLM(r) (41) around one
single molecule sitting at r = 0 as a function of the dimensionless
distance r˜= r(mB)−1/2 to the origin. We have chosen u0 = u1 = u2 =
218B, uλ = 0 for λ ≥ 3 and r˜0 = r˜1 = r˜2 = 1.5(mB)−1/2, r˜λ = 0
if λ ≥ 3 as well as n˜ = 1. The quantum numbers of the angulon
are L = 0,M = 0 (solid black line), L = 1,M = 0 (red dashed line),
L= 2,M = 0 (blue dotted line). For more information see the text.
with variational coefficients g, β and γ , to compute EBA (and
a trial state with one phonon (or with two phonons) to com-
pute EA,1 and EA,2). That is, as the above physical picture
suggests, two phonons do not dress each of the two molecules
(for d→ ∞) as one phonon dresses (or two phonons dress) a
single impurity. In order to obtain an effective potential with
the property limd→∞∆E = 0 one would need to consider a suf-
ficiently large number of phonons to compute EBA. In case of
a one-phonon or a two-phonon variational state
∆E = EBA− lim
d→∞
EBA (38)
is therefore clearly a better definition for the effective interac-
tion between the two impurities than Eq. (29). Based on the
above analysis, we expect that a trial state with one or two
phonons yields a good approximation if the distance d between
the two impurities is not too large.
VI. THE ANGULON–BIANGULON TRANSITION
As explained in detail in Section III, the biangulon quasi-
article is defined by a strongly correlated relative alignment of
the two molecules. Additionally, the phonon cloud related to
one molecule has a substantial overlap with the other molecule
(and the other way round). The magnetic quantum number
M of the total system is the biangulon’s only good quantum
number. The term related to the quasi particle weight g in
Eq. (23) has quantum numbers L1,M1,L2,M2. Accordingly,
the trial state is well suited to either describe a moderately
correlated biangulon or two weakly interacting angulons. A
more general biangulon state should allow for a substantial
mixing of the different basis states |L1,M1,L2,M2〉 with M1+
M2 =M in the term proportional to the quasiparticle weight.
In this Section we are going to study the transition from two
weakly interacting angulons to a strongly correlated biangulon,
and therefore choose a different approach than in Section V
that takes the above consideration into account.
In order to simplify the analysis, we consider a situation,
where the interaction of one of the impurities with the bath is
weaker than that of the other impurity. This could correspond
e.g. to the physical picture of one heavier and one lighter
molecule. The system will be described by wave functions of
the form
|ψd〉= ∑
L,M, j,m
αL,Mj,m |ψAL,M〉| jm〉. (39)
Here αL,Mj,m are variational coefficients that obey the usual nor-
malization condition and assure that M+m = M˜ holds with
some fixed M˜. Additionally,
|ψALM〉=
√
ZL|LM〉|0〉
+ ∑
kλ j1
βkλ j1C
LM
j1m1,λµ | j1m1〉bˆ
†
kλµ |0〉 (40)
denotes the wave function of one single angulon with angular
momentum quantum numbers L,M. We obtain the coefficients
in Eq. (40) by considering the relevant one-impurity system,
see Ref. 28. The impurity described by the first tensor factor
in Eq. (39) is the one with stronger molecule-bath interaction,
and therefore it is assumed to be already dressed by the phonon
in the system. The second impurity is described by a free rotor.
Due to the generality of the variational coefficients, the above
ansatz allows for a substantial mixing of different free rotor
states in the part of the wave function with no phonons. Using
it, we can therefore describe the transition from two weakly
coupled angulons, where the wave function is approximately
given by |ψAL,M〉| jm〉 for some quantum numbers L,M, j,m,
to a strongly correlated biangulon quasiparticle, where more
than one of the coefficients αL,Mj,m are unequal to zero. The
above ansatz efficiently describes phonon-induced interactions
between the two molecules as long as the weakly interacting
impurity has a substantial overlap with the phonon density
located around the first molecule.
In Fig. 6 we show an example of such a phonon density.
More precisely, we show the angle-averaged phonon density
ρLM(r) =
∫
dφrdθr〈ψAL,M|bˆ†r bˆr|ψAL,M〉
=∑
λµ
〈ψAL,M|bˆ†rλµ bˆrλµ |ψAL,M〉 (41)
of one single impurity described by the angulon wave function
(40). Here bˆ†r creates one phonon at position r and we used
bˆ†r =
1
r∑λµ
bˆ†rλµY
∗
λµ(θr,φr), (42)
see 30. The operator bˆ†rλµ creates one phonon at distance r
from the origin with angular momentum quantum numbers
10
λ ,µ . It can be written in terms of the operators bˆ†kλµ as
bˆ†rλµ =
√
2
pi
r
∫
kdk jλ (kr)bˆ
†
kλµ , (43)
where jλ (kr) denotes the spherical Bessel function53. The
parameters are chosen to be u0 = u1 = u2 = 218B, uλ = 0
for λ ≥ 3 and r˜0 = r˜1 = r˜2 = 1.5(mB)−1/2, r˜λ = 0 if λ ≥ 3.
The density is given by n˜ = 1 and the quantum numbers of
the angulon are chosen as L = 0,M = 0 (solid black line),
L= 1,M = 0 (red dashed line), L= 2,M = 0 (blue dotted line).
As long as the distance between the two impurities is below
d˜ ≈ 6 for this choice of the parameters, the ansatz (39) allows
us to capture the interactions between the two impurities.
For mathematical convenience we assume from now on that
the stronger interacting impurity is sitting at the origin of the
laboratory frame and that the weaker interacting impurity is
located at (0,0,d). To diagonalize the biangulon Hamiltonian
(4) with the basis set (39), we write it as Hˆ = HˆA+ HˆI, where
HˆA =B1Jˆ21+B2Jˆ
2
2+∑
k
ω(k)bˆ†kbˆk
+∑
kλµ
[
V (k, θˆ1, φˆ1)bˆ†k+H.c.
]
(44)
and
HˆI =∑
k
[
V (k, θˆ2, φˆ2)eik·dbˆ†k+H.c.
]
. (45)
The Hamiltonian HˆA describes a single angulon28,32 and a bare
rotating molecule, and can therefore be considered as diagonal
within our approximation scheme. This allows us to write the
matrix elements of the biangulon Hamiltonian Hˆ with respect
to the basis states in Eq. (39) as
HL
′M′ j′m′
LM jm =
[
EL,MA +B j( j+1)
]
δL′,LδM′,Mδ j′, jδm′,m
+〈ψAL′,M′ |〈 j′m′|HˆI| jm〉|ψAL,M〉. (46)
In order to obtain the energies and eigenfunctions, we diagonal-
ize the Hamiltonian matrix (46) numerically with the angular
momentum cut-off L,L′, j, j′, |M|, |M′|, |m|, |m′| ≤ 2.
As parameters we choose uλ ,1 = 2uλ ,2, where the second
index refers to the first and the second impurity, u0,1 = u1,1 =
u2,1 = 218B and n˜= 1. We label eigenstates by their dominant
basis vector contribution at d˜ = 10, that is, at that distance the
eigenfunction |ψAL,M; j,m〉 approximately equals |ψAL,M〉| j,m〉.
The results of the diagonalization are presented in Fig. 7. In
Fig. 7(a) we show the energy of the ground state |ψA0,0;0,0〉 and
of six excited states. States which differ only by the magnetic
quantum number of the two molecules are degenerate if the dis-
tance between them is sufficiently large because EL,MA =E
L,−M
A .
This degeneracy is lifted when the particles start to substantially
interact around d˜ ≈ 6. In this regime the eigenvalues related
to |ψA1,0;0,0〉 (red solid line) and |ψA2,0;0,0〉 (solid black line)
start to split from those related to |ψA1,±1;0,0〉 (red dashed line)
and |ψA2,±1;0,0〉 (black dashed line), |ψA2,±2;0,0〉 (black dotted
line), respectively. The states |ψA1,±1;1,∓1〉 remain degenerate.
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FIG. 7. (a) The dimensionless biangulon energy of the ground state
and of six excited states obtained by diagonalizing the biangulon
Hamiltonian (4) with the base vectors used in (39). In (b)–(e) we show
the squared overlap of the eigenstate |ψA2,0;0,0〉 (b), |ψA1,±1;1,∓1〉
(c), |ψA1,0;1,0〉 (d) and |ψA0,0;0,0〉 (e) with the different basis states.
The bath density has been chosen as n˜= 1. The grey lines show the
occupation all other basis vectors. For more information see the text.
In Fig. 7 In (b)–(e) we show the squared overlap of the
eigenstate |ψA2,0;0,0〉 (b), |ψA1,±1;1,∓1〉 (c), |ψA1,0;1,0〉 (d) and
|ψA0,0;0,0〉 (e) with the different basis states. We note that all
these states have M+m = 0. The grey lines show the occu-
pation of all other basis vectors. As can be seen from these
figures, different eigenstates of the Hamiltonian matrix (46)
show different behavior during the transition from two separate
angulons to a biangulon if the distance between them is de-
creased. The states |ψA1,±1;1,∓1〉 and |ψA1,0;0,0〉 for example
show a sharp transition, while this transition is less pronounced
for the state |ψA2,0;0,0〉 and it is almost not present in case of
the ground state |ψA0,0;0,0〉. This behavior is a result of the
SO(3) algebra of angular momentum ruling the interaction
between the two impurities. In general, we can say that the
states with M = 0 = m and L 6= j show the most pronounced
angulon to biangulon transitions. In case of M = 0 = m the
wave function is with good approximation a superposition of
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two basis states. As an example we consider states of the form
|ψAL,0; j,0〉 ≈ c1(d)|ψAL,0〉| j,0〉+ c2(d)|ψAj,0〉|L,0〉, (47)
compare with Fig. 7(b) and (d). This representation implies
that angular momentum is transferred from one impurity to the
other during the transition from two separated angulons to a
biangulon quasiparticle. The fact that exactly these two basis
states appear in Eq. (47) is again a result of the SO(3) algebra
of angular momentum. For several other basis states we find a
similar but less pronounced angulon-biangulon transition. The
weakest transition can be seen in states of the form |ψAL,0;L,0〉.
In order to investigate the transition from two angulons to a
biangulon for states that show a pronounced transition in more
detail, we consider correlation functions of the form
FOˆ =
〈Oˆ1Oˆ2〉−〈Oˆ1〉〈Oˆ2〉
〈Oˆ1Oˆ2〉max−〈Oˆ1〉max〈Oˆ2〉max
, (48)
where 〈·〉 denotes the expectation w.r.t. one of the eigenfunc-
tions of the two impurity problem and Oˆi, i= 1,2, is an oper-
ator acting on the i-th impurity. As an example, we consider
eigenstates that can with a good approximation be written as
a distance-dependent superposition of two basis states |v〉 and
|w〉, that is, states of the form
|ψd〉 ≈ c1(d)|v〉+ c2(d)|w〉, (49)
compare with Eq. (47). The normalization in (48) is chosen
such that |FOˆ| takes values between zero and one. More pre-
cisely, we assume that the expectation 〈·〉max is taken with
respect to the state
|ψmax〉= 1√
2
(|v〉+ |w〉) . (50)
In the cases we consider, the state |ψmax〉 maximizes the cor-
relation function amoung normalized states of the form given
by Eq. (49). Since the different eigenfunctions of the Hamil-
tonian matrix (46) we consider here have different dominant
basis vectors in their expansion we also have to use different
operators Oˆ to measure their correlations.
The correlation functions related to four eigenstates of the
Hamiltonian matrix can be found in Fig. 8. We have cho-
sen Oˆ = cos(θ), |ψA1,0;0,0〉 (red solid line), Oˆ = cos2(θ),
|ψA2,0;0,0〉 (solid black line), Oˆ= sin(θ)e±iϕ , |ψA1,1;0,0〉 (red
dashed line) and Oˆ = sin2(θ)e±i2ϕ , |ψA2,2;0,0〉 (black dotted
line). The interaction between the impurities is attractive, and
hence all correlation functions are positive. The particular pat-
terns that these functions show are related to the shape of our
interaction potential. All correlation functions indicate that af-
ter the onset of interactions between the two impurities around
d˜ ∼ 6, the eigenstates of the Hamiltonian matrix (46) we con-
sidered in Fig. 8 quickly start to be substantially entangled and
correlated when the distance between them is further reduced –
a clear signature that a biangulon quasiparticle forms.
A similar but less pronounced behavior can be found for
several other eigenstates. The states |ψAL,0;L,0〉 show, however,
almost no correlations and have |ψAL,0〉|L,0〉 as a dominant ba-
sis vector for all distances. The weakest correlation can be
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FIG. 8. Correlation function FOˆ, Eq. (48), as a function of the dimen-
sionless molecule-molecule distance d˜. The parameters are the same
as in Fig. 7. The colors of the graphs refer to the same states as in
Fig. 7(a). For the operator Oˆ and for the state 〈·〉 we made the fol-
lowing choice: Oˆ= cos(θ), |ψA1,0;0,0〉 (red solid line), Oˆ= cos2(θ),
|ψA2,0;0,0〉 (solid black line), Oˆ= sin(θ)e±iϕ , |ψA1,1;0,0〉 (red dashed
line) and Oˆ= sin2(θ)e±i2ϕ , |ψA2,2;0,0〉 (black dotted line). For more
information see the text.
found in the ground state. The fact that its wave function is
with good approximation given by |ψA0,0〉|0,0〉 is in accordance
with the analysis in the strong-coupling regime in Sec. IV B,
where we found that the ground state is a product of two (the
same) impurity wave function. Here the system looked like a
biangulon quasiparticle because of the substantial anisotropy
of the molecular orientations and because the phonon cloud re-
lated to one molecules had a substantial overlap with the other
molecule (and the other way round). Due to the simplicity of
our approach, this is clearly not captured by the analysis in this
Section. To take such effects into account, which would allow
us to investigate the transition from two separate angulons to
a biangulon also for the states |ψAL,0;L,0〉 in more detail, we
would need to allow for more basis states in the expansion
of the molecular states. Additionally, we would need to treat
also the phonon wave function variationally. This, however, is
beyond the scope of the present paper.
VII. CONCLUSION
By applying translation operators to the previously intro-
duced angulon Hamiltonian, we obtained the Hamiltonian de-
scribing two rotating molecules immersed in a bosonic bath.
This model was studied in different parameter regimes and us-
ing several theoretical approaches. In all the parameter regimes
we found that the molecules align with respect to each other
as a result of the phonon mediated effective attractive interac-
tion (12) between them. To describe the resulting correlated
state, we introduced the biangulon quasiparticle. In analogy to
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the bipolaron quasiparticle, it describes two rotating molecules
dressed by bosonic excitations.
We first considered the regime where the molecular rota-
tion is much slower than the characteristic timescale of the
phonons. In this situation the phonon cloud adjusts itself in-
stantaneously to changes of the molecular orientation and a
Born-Oppenheimer approximation is valid. Within this ap-
proach we showed that the effective intermolecular force me-
diated by the phonons is sensitive to the rotational state of
both molecules and takes its largest values when the overlap
of the phonon density with each of the two molecules is maxi-
mal. Accordingly, the states with magnetic quantum numbers
M1 = 0 =M2, which preserve the symmetries of the Hamilto-
nian, show the largest effective interaction.
The ground state of the system in the strong-coupling regime
has been investigated by minimizing the related Pekar func-
tional. In this model the two molecules co-align in order to
maximize the overlap with the phonon cloud. As a conse-
quence, the presence of the bath can enhance the rate of certain
chemical reactions that favour such an alignment between the
molecules.
In the opposite regime, where the impurity-bath coupling
is relatively weak, we investigated the system with the help
of a one-phonon excitation variational ansatz, which allowed
us to access the excitation spectrum of the biangulon. In com-
parison to the angulon spectrum, we observed an additional
spectral instability, where a resonant angular momentum trans-
fer between molecules and the bath takes place, as well as a
shift of the angulon spectral instabilities due to the presence
of the second molecule. These features have been proposed
as a signature for the formation of the biangulon quasiparti-
cle in experiments. Additionally, we pointed out that in our
model one or two phonons cannot dress two molecules that
are far apart from each other as one phonon dresses one single
molecule, which leads to a subtlety in the definition of the
effective phonon-mediated interaction for large distances.
Finally, by using products of angulon and bare rotor states as
basis states, we investigated the system in the situation where
the interaction of one of the two impurities with the bath is
substantially weaker than that of the other. This approach al-
lowed us to study the transition from two separated angulons
to a biangulon quasiparticle as a function of the distance be-
tween the two molecules. In the parameter regime where a
biangulon has formed, the wavefunction is a superposition of
at least two of the above basis states. Accordingly, angular
momentum is transferred between the two molecules and the
state is strongly correlated. This has to be contrasted with the
appearance of two uncorrelated or weakly correlated angulons
at larger molecule-molecule distance.
The above results can be applied to molecules immersed
in superfluid helium droplets39 or in atomic Bose-Einstein
condensates30, and can be extended to systems where the im-
purity particles are Rydberg atoms58,59 or defects in solids60.
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Appendix A: Simulated annealing
The stochastic simulated annealing method that we applied
to minimize ground energy Eq. 16, is based on repeated appli-
cation of the following two moves:
1. Rotation of a variational coefficient in the complex plane,
i.e. sc → sc exp(iφ) where the quantum numbers c =
(L1,M1,L2,M2) and the phase φ have been chosen from
a random distribution.
2. Moving part of the complex modulus of a coefficient
to another coefficient, i.e. going from a configuration
of two coefficients that we parametrize in the polar
representation as sc = ρ exp(iφ), sc′ = (ρ ′)exp(iφ ′) to
a different configuration sc = (ρ − δ )exp(iφ), sc′ =
(ρ ′+ δ )exp(iφ ′) where again the quantum numbers c
and c′, as well as δ , are chosen randomly.
It can be easily seen that these two moves span the whole
parameter space, while automatically enforcing the normaliza-
tion condition. In the spirit of simulated annealing methods,
each move is accepted or rejected by evaluating the Boltzmann
factor of the energy difference, using a monotonously decreas-
ing effective temperature. We have verified that this procedure
is solid, yielding a good estimate of the ground state energy
at the level of maximum Li = 4 (containing 1,764 variational
coefficients), independently of the starting configuration, in
agreement with non-stochastic methods that are usually slower
and limited to much smaller cutoffs.
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